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1. INTRODUCTION
 The reader is referred to 6, Chapter 2 for the definition and basic
properties of the maximal right ring of quotients and the extended cen-
troid of a prime ring. Given a positive integer d and a prime ring A with
Ž .extended centroid C , we shall write deg A  d whenever A contains an
element which is not algebraic of degree  d over C. It is known from the
Ž .theory of polynomial identities that the condition that deg A  d is
Ž .equivalent to the condition that A does not satisfy the standard polyno-
mial identity of degree  2 d. Let Q be an algebra over a commutative
² :ring F with 1 and let R be an F-submodule of Q. We shall write R for
the subalgebra generated by R. Recall that R is called a Lie subalgebra
   of Q provided that R, R R where x, y  xy	 yx, x, y
R. Now let
R be a Lie subalgebra of Q. A submodule L of R is said to be a Lie ideal
 of R if L , R  L . We set
 Z R  r
R  r , R  0 . 4Ž .
Ž . Ž .Clearly Z R is a Lie ideal of R. Let Q QZ Q be the Lie factor
Ž .algebra of Q by Z Q . An F-linear map  : R Q is called a Lie
       deriation provided that x, y  x , y  x, y for all x, y
R, where
z is the canonical image of z
 Q in Q. Given an F-algebra A with
involution  we set
  4   4K A  a
 A  a 	a and S A  a
 A  a  a .Ž . Ž .
 This paper is a continuation of the paper 5 which was primarily
devoted to Lie homomorphisms. Here we shall prove analogous results for
 Lie derivations. We refer the reader to 5 for more detailed comments
concerning the motivation and background of our research, as well as for a
more comprehensive explanation of the basic concepts and some necessary
results of the theory of functional identities and d-free sets, upon which
 the present paper heavily rests. As in 5 we continue to assume that the
Ž .algebras involved are not PI i.e., do not satisfy polynomial identities of
‘‘low’’ degree in order to guarantee that the Lie algebras involved are
d-free. These restrictions will be removed in a forthcoming paper.
There are many parallels, not only in ring theory, between isomorphisms
and derivations. Having a result on isomorphisms, one very often tries to
modify the proof in order to obtain an analogous result for derivations or
vice versa. It is natural to expect that methods that have worked for Lie
 homomorphisms in 5 would also work for Lie derivations. However, we
will be able to avoid this, most probably successful, but somewhat lengthy
Ž .approach. In Section 2 we prove a result Theorem 2.1 which will make it
Žpossible for us to reduce the problems on Lie derivations and related
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.maps to problems on Lie homomorphisms. Since Lie homomorphisms are
no longer a mystery to us, the proofs of results on Lie derivations will be
Ž .rather short. We will also prove in Section 2 a result Theorem 2.2 which
will enable one to reduce Lie problems in rings without involution to
corresponding problems in rings with involution.
Ž .In Section 3 the main result of this paper Theorem 3.2 is stated and
proved. With the aid of Theorem 2.1 it is derived rather easily from a
Ž . special case Theorem 3.1 of the basic Lie homomorphism theorem 5,
 ŽTheorem 3.5 . The main corollary of Theorem 3.2 is the settling modulo
.PI algebras of ‘‘low’’ degree of Herstein’s conjectures on Lie derivations
of noncentral Lie ideals of the skew elements of a prime algebra with
involution. We state the most general of these, from which the reader may
readily obtain special cases.
1THEOREM 1.1. Let F be a commutatie ring with 1, 
 F, and let A be2
a prime F-algebra with inolution , with maximal right ring of quotients
Ž . Ž .Q Q A , with skew elements K K A , and with extended centroid C.m r
Let R be a noncentral Lie ideal of the Lie F-algebra K, let Q QC and
RRRC be factor Lie algebras of the Lie F-algebras Q and R,
respectiely, and let  : R Q be a Lie deriation of the Lie F-algebra R
 into Q. Let  : R Q be any set-theoretic map such that x  x for all
Ž . x
R such always exists , and set BRR . Finally, assume that
Ž . ² : ² :deg A  20. Then there exists a deriation d: R  B CC of
F-algebras and a set-theoretic map : RC such that
d   dx  x   x for all x
R hence x  x for all x
R .Ž . Ž .
Furthermore, if R R, then the following hold:
Ž . Ž . Ž .a  R, R Z R RC.
Ž . d Ž . Ž ² :d ² : .b x 	  x 
R for all x
R hence R  R CC .
Ž .   d Ž ² :d ² :.c If R R, R , then R R hence R  R .
Ž .If  : RR is a Lie derivation of the Lie algebra R RC C,
then taking the composition of the canonical projection of Lie algebras
RR with  , one gets a Lie derivation  : RR Q. Further,
Ž . Ž . Ž . Ž .Z R RC by Theorem 1.1 a . Hence RR RC RZ R
and so Theorem 1.1 describes Lie derivations of the Lie factor algebra
Ž .RZ R .
COROLLARY 1.2. Under the same conditions as in Theorem 1.1 suppose
that  : R Q is a deriation of Lie algebras and set BRR. Then
² : ² :there exist a deriation d: R  B CC of F-algebras and an F-linear
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map : RC such that
Ž . d  Ž .a x  x   x for all x
R.
Ž . Ž .b  R, R  0.
Ž .  ² :d ² :c If R R, then R  R CC. Moreoer, if in addition
  ² :d ² :either R, R R or  is of the first kind, then  0 and R  R .
ŽAnother application of Theorem 3.2 in conjunction with both Theorem
.2.1 and Theorem 2.2 gives an alternate way of settling Herstein’s conjec-
tures on Lie derivations of noncentral Lie ideals of prime rings. Namely,
we have the following result which is slightly more general than that which
was obtained recently by Beidar and Chebotar 3, Theorems 1.1, 1.2,
and 1.3 .
1THEOREM 1.3. Let F be a commutatie ring with 1, 
 F, and let A be2
Ž .a prime F-algebra, with maximal right ring of quotients Q Q A and withm r
extended centroid C. Let R be a noncentral Lie ideal of the Lie F-algebra A,
let Q QC and RRRC be factor Lie algebras of the Lie F-alge-
bras Q and R, respectiely, and let  : R Q be a Lie deriation of the Lie
F-algebra R into Q. Let  : R Q be any set-theoretic map such that
  Ž .x  x for all x
R such always exists , and set BRR . Finally,
Ž . ² : ² :assume that deg A  9. Then there exists a deriation d: R  B C
C of F-algebras and a set-theoretic map : RC such that
d   dx  x   x for all x
R hence x  x for all x
R .Ž . Ž .
Furthermore, if R R, then the following hold:
Ž . Ž . Ž .a  R, R Z R RC.
Ž . d Ž . Ž ² :d ² : .b x 	  x 
R for all x
R hence R  R CC .
Ž .   d Ž ² :d ² :.c If R R, R , then R R hence R  R .
Since the statements of the results above are rather long, it might be
helpful for the reader to give their rough summary, concentrating on
classical cases. So, from these results it can be easily deduced that if A is a
Ž .prime ring with involution, char A  2, K is the Lie ring of skew
elements of A, and Z is the center of A, then every Lie derivation  :
Ž .RR has the ‘‘standard form’’; i.e. it arises from an ordinary derivation
Ž .and a ‘‘central’’ map, for any of Lie rings R K KZ , R
  Ž  .   Ž .K, K  K, K Z , and R K, R K, K , provided that deg A 
20. Moreover, in the non-involution case the same can be said for Lie
Ž .   Ž  .derivations of R A AZ , R A, A  A, A Z , and R A,
  Ž .R A, A under a slightly milder assumption that deg A  9.
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 Let us give some brief historical comments. Martindale 22, Theorem 2
had earlier proved the special case of Theorem 1.3 where A was assumed
to contain an idempotent e 0, 1 and  : A A was a Lie derivation.
The idempotent assumption was subsequently removed by Bresar in hisˇ
  fundamental paper 9, Theorem 5 . We also refer to various papers 7, 8,
12, 16, 1821, 2427 considering Lie derivations. A number of results in
these papers are special cases of Theorems 1.1 and 1.3.
The important special case of Theorem 1.1 where A is a simple
 F-algebra with involution and R K, K , the derived Lie algebra of
Žskew elements, is considered next in Section 3. Here see Theorem 3.6 for
. Ž .a complete statement and proof the Lie algebra Der R of all LieF
Ž .derivations of R is shown to be isomorphic to the Lie algebra Der A ofF
all derivations of the associative algebra A which commute with . A
detailed analysis of these algebras is also given. Finally, it is shown that
Ž .G A , the group of all automorphisms of the associative algebra A whichF
Ž Ž ..commute with , is isomorphic to Aut Der A .F F
We remark that the analogue of Theorem 3.6 for simple rings without
 involution was proved by Beidar and Chebotar 3, Theorems 1.4 and 1.5 .
 Other related results were obtained in 18, 21, 24 .
In Section 4 maps of certain Lie algebras which act like derivations on a
Ž .multilinear polynomial are studied and the main theorem Theorem 4.3
says that under rather general conditions such maps are ‘‘close’’ to being
Lie derivations. Then, in the context of prime algebras with and without
involution, under appropriate restrictions on the characteristic such maps
Ž .are shown to be induced by ordinary derivations Theorem 4.4 . These
 results are then applied to settle Herstein’s question 13, p. 528, problem 1
concerning maps of the skew elements K which act like a derivation on
m Ž .x , m 3 being a fixed odd integer Theorem 4.5 . A similar result for
Ž .maps of a prime ring with 1 and without involution acting like a
m  derivation x was obtained in 11 .
2. TWO RESULTS ON d-FREE SETS
Throughout this section, Q will be any ring with 1 and by C we will
denote its center. The basic concept upon which our approach is based is
 the concept of a d-free subset of Q 1 , and so we first recall the definition.
Let R be a subset of Q. By R n where n
 N  , the set of all positive
integers, we denote the nth Cartesian power of R. Let m
 N  and let
E: R m	1 Q and p: R m	2 Q be arbitrary maps. In the case when
m 1 this should be understood as that E is an element in Q and p 0.
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Let 1 i jm, and define Ei, pi j, p ji: RmQ by
iE x  E x , . . . , x , x , . . . , x andŽ .Ž .m 1 i	1 i1 m
i j jip x  p x  p x , . . . , x , x , . . . , x , x , . . . , x ,Ž .Ž . Ž .m m 1 i	1 i1 j	1 j1 m
Ž .where x  x , . . . , x .m 1 m
By a functional identity on R we mean, roughly speaking, an identical
relation satisfied by all elements in R, which involves some arbitrary maps
of R into Q. The usual goal is to find the exact form of these maps. The
notion of a functional identity can be considered as a generalization of the
 notion of a polynomial identity. We refer the reader to the survey 10 for
a detailed account of the theory of functional identities. For the purposes
Ž .of this paper, however, it suffices to consider only functional identities 1
Ž .and 2 below, which are connected with the concept of a d-free set.
 4 m	1Let I, J 1, 2, . . . , m , and for each i
 I, j
 J, let E , F : R i j
Q be arbitrary maps. Consider functional identities
i j mE x x  x F x  0 for all x 
R , 1Ž .Ž . Ž .Ý Ýi m i j j m m
i
 I j
 J
i j mE x x  x F x 
 C for all x 
R . 2Ž .Ž . Ž .Ý Ýi m i j j m m
i
 I j
 J
Ž . Ž .A natural possibility when 1 and 2 are fulfilled is when there exist maps
p : R m	2 Q, i
 I, j
 J, i j, and  : R m	1C , k
 I J, suchi j k
that
i i j iE x  x p x   x ,Ž . Ž . Ž .Ýi m j i j m i m
j
 J ,
ji
j i j jF x 	 p x x 	  x andŽ . Ž . Ž .Ýj m i j m i j m
i
 I ,
ij
3Ž .
  0 if k I J ,k
m Ž .for all x 
R , i
 I, j
 J. We shall refer to 3 as a standard solutionm
Ž . Ž .of 1 and 2 . We remark that the case when one of the sets I or J is
empty is not excluded. The sum over the empty set of indices should be
simply read as zero. This means that, for example, a standard solution of
iŽ .the functional identity Ý E x x  0 is E  0, i
 I.i
 I i m i i
Quite often the standard solution is also the only possible solution on
some sets, and this is essentially what we have in mind when speaking
about d-free sets. Let us give a precise definition. A nonempty subset
R Q is said to be d-free, where d
 N  , if for all m
 N  and
HERSTEIN’S LIE MAP CONJECTURES 245
 4I, J 1, 2, . . . , m the following two conditions are satisfied:
Ž .     4 Ž . Ž .a If max I , J  d, 1 implies 3 .
Ž .     4 Ž . Ž .b If max I , J  d	 1, 2 implies 3 .
Under appropriate restrictions, one can establish that a prime ring A is
Ž .a d-free subset of its maximal right left, respectively right of quotients
Ž . Ž Ž . .Q A Q A , respectively , and similar conclusions can be proved form r ml
Lie ideals of prime rings, skew and symmetric elements of A in the case A
has an involution, Lie ideals of skew elements, etc. Let us state this more
Ž . Ž .precisely. So, let A be prime and let Q be either Q A or Q A . Thenm r ml
Ž  .  the center C of Q is the extended centroid of A cf. 6 . It turns out 1
Ž .that if deg A  d then A is a d-free subset of Q. Under some stronger
Ž .assumption concerning deg A one can prove d-freeness of certain types
of subsets of A mentioned above. For example, if A is equipped with
involution and K is the set of its skew elements, then any noncentral Lie
Ž .ideal of K is a d-free subset of Q provided that char A  2 and
Ž .  deg A  2 d 3 4 .
We now continue to deal with an arbitrary ring Q. Let  be a derivation
of a ring Q. Define the map  of Q into the ring of 2 by 2 upper
triangular matrices over Q by
x x x  . 4Ž .ž /0 x
Ž .Then  is a homomorphism. Similarly, if  is a Lie Jordan derivation,
Ž .then  is a Lie Jordan homomorphism. This observation is well known
and has often been proved useful. For instance, it can be used to obtain an
Žanalogue of the classical NoetherSkolem theorem for derivations see,
 .e.g., 14, p. 100101 . Another relevant example is the deduction of results
on Jordan derivations from results on Jordan homomorphisms in which
 the conditions are imposed only on the domain of the map 17, 23 . This
observation may no longer be useful if the conditions are also imposed on
Ž .the range. Namely, it is not clear how the range of  in 4 lies in rings
containing it. Concerning the d-freeness, however, this range behaves
extremely well. This is, roughly speaking, the content of the theorem
below.
ˆLet Q be a ring with 1 and let Q be the ring of all upper triangular
x yŽ .matrices of the form with x, y
 Q. To avoid the matrix notation, we0 x
ˆconsider Q as a Cartesian product Q Q with pointwise addition and
multiplication given by
x , y z , w  xz , xw yz .Ž . Ž . Ž .
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ˆDenoting by C the center of Q, note that the center of Q is equal to
CˆCC.
THEOREM 2.1. Let R be a d-free subset of Q and let  : R Q be any
˘  ˆŽ . 4map. Then R x, x  x
R is a d-free subset of Q.
 4    Proof. Let m be a positive integer, let I, J 1, . . . , m with I , J
˘m	1 ˆ d, and let E , F : R  Q, i
 I, j
 J be maps such thati j
i jE y y  y F y  0 5Ž .Ž . Ž .Ý Ýi m i j j m
i
 I j
 J
m ˘ ˘Ž .for all y 
R . Set y  x , x 
R, x 
R. Since y is uniquelym i i i i i
determined by x , we may writei
ˆE y , . . . , y  e x , . . . , x , g x , . . . , x 
 Q andŽ . Ž . Ž .Ž .i 1 m	1 i 1 m	1 i 1 m	1
ˆF y , . . . , y  f x , . . . , x , h x , . . . , x 
 Q ,Ž . Ž . Ž .Ž .j 1 m	1 j 1 m	1 j 1 m	1
m	1 Ž .where e , g , f , h : R  Q. Now write 5 asi i j j
i i   j je x , g x x , x  x , x f x , h x  0,Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ý Ýi m i m i i j j j m j m
i
 I j
 J
which yields
i je x x  x f x  0 and 6Ž .Ž . Ž .Ý Ýi m i j j m
i
 I j
 J
i  i  j je x x  g x x  x f x  x h x  0 7Ž . 4Ž . Ž . Ž . Ž . 4Ý Ýi m i i m i j j m j j m
i
 I j
 J
m Ž .for all x 
R . Since R is d-free, 6 has only the standard solution.m
That is, there are maps p : R m	2 Q, i
 I, j
 J, i j and  :i j k
R m	1C , k
  J, such that
  0 if k I J ,k
i i j ie x  x p x   x andŽ . Ž . Ž .Ýi m j i j m i m
j
 J ,
ji
j i j jf x 	 p x x 	  x .Ž . Ž . Ž .Ýj m i j m i j m
i
 I ,
ij
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Ž .Now 7 can be rewritten as
i j  i  ix p x x   x x  g x xŽ . Ž . Ž .Ý Ý Ý Ýj i j m i i m i i m i
i
 I j
 J , i
 I i
 I
ji
 i j j  j	 x p x x 	  x x  x h x  0.Ž . Ž . Ž .Ý Ý Ý Ýj i j m i j m j j j m
j
 J i
 I , j
 J j
 J
ij
i  j Ž . Ž .Clearly, Ý  x x 	Ý  x x  0 since   0 if k I J.i
 I i m i j
 J j m j k
Therefore, the identity above can be further rewritten as
i  i jg x 	 x p x xŽ . Ž .Ý Ýi m j i j m i½ 5
i
 I j
 J ,
ji
j i j  x h x  p x x  0.Ž . Ž .Ý Ýj j m i j m i½ 5
j
 J i
 I ,
ij
Again using the d-freeness assumption on R we conclude that there are
maps q : R m	2 Q, i
 I, j
 J, i j and  : R m	1C , k
 I J,i j k
such that
  0 if k I J ,k
i  i j i j ig x 	 x p x  x q x   x andŽ . Ž . Ž . Ž .Ý Ýi m j i j m j i j m i m
j
 J , j
 J ,
ji ji
j i j  i j jh x  p x x 	 q x x 	  x .Ž . Ž . Ž . Ž .Ý Ýj m i j m i i j m i j m
i
 I , i
 I ,
ij ij
˘m	2 ˆ ˘m	1 ˆNow define P : R  Q, i
 I, j
 J, i j and  : R C ,i j k
k
 I J, by
P y  p x , q x ,Ž . Ž . Ž .Ž .i j m	2 i j m	2 i j m	2
 y   x ,  x ,Ž . Ž . Ž .Ž .k m	1 k m	2 k m	1
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Ž  .where y  x , x . Clearly,   0 if k I J. Next,i i i k
i i iE y  e x , g xŽ . Ž . Ž .Ž .i m i m i m
i j i x p x   x ,Ž . Ž .Ý j i j m i mž j
 J ,
ji
 i j i j ix p x  x q x   xŽ . Ž . Ž . 4Ý j i j m j i j m i m /j
 J ,
ji
 i j i j i i x , x p x , q x   x ,  xŽ . Ž . Ž . Ž .Ž .Ž . Ž .Ý j j i j m i j m i m i m
j
 J ,
ji
i j i y P y  y .Ž . Ž .Ý j i j m i m
j
 J ,
ji
Similarly we see that
j i j jF y 	 P y y 	 y .Ž . Ž . Ž .Ýj m i j m i j m
i
 I ,
ij
Ž .That is, the functional identity 5 has only the standard solution.
It remains to consider the case when
i j ˆE y y  y F y 
CŽ . Ž .Ý Ýi m i j j m
i
 I j
 J
m˘    for all y 
R , where I , J d	 1. Letting e , g , f , and h have them i i j j
ˆsame meaning as above and making use of CCC we see that this
relation yields
i je x x  x f x 
C ,Ž . Ž .Ý Ýi m i j j m
i
 I j
 J
i  i  j je x x  g x x  x f x  x h x 
C . 4Ž . Ž . Ž . Ž . 4Ý Ýi m i i m i j j m j j m
i
 I j
 J
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Since R is d-free, it follows that both two central expressions are actually
zero. Consequently,
i jE y y  y F y  0Ž . Ž .Ý Ýi m i j j m
i
 I j
 J
m˘for all y 
R . This proves the theorem.m
The following theorem will prove useful in reducing Lie map questions
for rings without involution to rings with involution which will enable us to
develop a uniform approach to all Lie map problems.
THEOREM 2.2. Let Q be a ring with 1, with center C , and let R be a
˜d-free subset of Q. Let Q Q Q	, Q	 being the opposite ring of Q, let
˜ 4 Ž . 4

 1,	1 , and let S x, 
 x  x
R . Then S is a d-free subset of Q.
Proof. As in the proof of Theorem 2.1, let m be a positive integer, let
m	1 ˜ 4    I, J 1, . . . , m with I , J d, and let E , F : S  Q, i
 I,i j
j
 J be maps such that
i jE y y  y F y  0 8Ž .Ž . Ž .Ý Ýi m i j j m
i
 I j
 J
m Ž .for all y 
 S . Set y  x , 
 x 
 S , x 
R. Since y is uniquelym i i i i i
determined by x , we may writei
˜E y , . . . , y  e x , . . . , x , g x , . . . , x 
 Q andŽ . Ž . Ž .Ž .i 1 m	1 i 1 m	1 i 1 m	1
˜F y , . . . , y  f x , . . . , x , h x , . . . , x 
 Q ,Ž . Ž . Ž .Ž .j 1 m	1 j 1 m	1 j 1 m	1
m	1 Ž .where e , g , f , h : R  Q. Now write 8 asi i j j
i i j je x , g x x , 
 x  x , 
 x f x , h x  0,Ž . Ž .Ž . Ž . Ž . Ž .Ž . Ž .Ý Ýi m i m i i j j j m j m
i
 I j
 J
which yields
i je x x  x f x  0 and 9Ž .Ž . Ž .Ý Ýi m i j j m
i
 I j
 J
i jx g x  h x x  0 10Ž .Ž . Ž .Ý Ýi i m j m j
i
 I j
 J
m Ž . Ž .for all x 
R . Since R is d-free, both 9 and 10 have only them
standard solutions. That is, there are maps p , q : R m	2 Q, i
 I,i j i j
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j
 J, i j, and  ,  : R m	1C , k
 I J, such thatk k
    0 if k I J ,k k
i i j ie x  x p x   x ,Ž . Ž . Ž .Ýi m j i j m i m
j
 J ,
ji
j i j jf x 	 p x x 	  x ,Ž . Ž . Ž .Ýj m i j m i j m
i
 I ,
ij
i i j ig x  q x x   x andŽ . Ž . Ž .Ýi m i j m j i m
j
 J ,
ji
j i j jh x 	 x q x 	  xŽ . Ž . Ž .Ýj m i i j m j m
i
 I ,
ij
m	2 ˜for all i
 I and j
 J. Now define P : S  Q, i
 I, j
 J, i j,i j
m	1 ˜and  : S C , k
 I J, byk
P y  p x , 
q x ,Ž . Ž . Ž .Ž .i j m	2 i j m	2 i j m	2
 y   x ,  x ,Ž . Ž . Ž .Ž .k m	2 k m	1 k m	1
Ž .where each y  x , 
 x . Clearly,   0 whenever k I J. Next,i i i k
i i iE y  e x , g xŽ . Ž . Ž .Ž .i m i m i m
i j i i j i x p x   x , q x x   xŽ . Ž . Ž . Ž .Ý Ýj i j m i m i j m j i mž /j
 J , j
 J ,
ji ji
i i y P y  y .Ž . Ž .Ý i i j m i m
j
 J ,
ji
Similarly we see that
j i j jF y 	 P y y 	 y .Ž . Ž . Ž .Ýj m i j m i j m
i
 I ,
ij
Ž .That is, the functional identity 8 has only the standard solution. The case
   where I , J d	 1 and
i j m˜E y y  y F y 
C for all y 
 SŽ . Ž .Ý Ýi m i j j m m
i
 I j
 J
is considered analogously. Thus the proof is complete.
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It is clear how Theorem 2.2 may be applied to transfer certain non-in-
volution problems to an involution setting. Indeed, suppose that A is a
prime ring with extended centroid C and maximal right ring of quotients
˜ Ž . Ž .Q. Then A has an involution given by x, y  y, x , x, y
 A, and the
˜ ˜Ž . Ž . 4 Ž .set of skew elements is K A  x,	x  x
 A . Clearly K A 
˜ ˜ ˜ ˜ ˜Ž Ž . Ž .. Ž . Ž .K A  K A  0, uw wu
 K A for all u,  , w
 K A , and C
˜ ˜ ŽCC	 is a direct summand of the C-module Q these conditions are
.needed in Theorems 3.1 and 3.2 . Now take 
	1 in Theorem 2.2. Let
Ž Ž ..R be a Lie ideal of A. Then the Lie ring R is isomorphic via x x,	x
˜Ž . 4 Ž .to the Lie ideal S x,	x  x
R of K A . Furthermore if R is a
˜ Žd-free subset of Q then by Theorem 2.2, S is a d-free subset of Q this is
.the crucial condition needed in Theorems 3.1 and 3.2 .
3. LIE DERIVATIONS
Ž .Our result on Lie derivations will be derived via Theorem 2.1 from the
 following special case of the basic result 5, Theorem 3.5 on Lie homo-
morphisms.
1THEOREM 3.1. Let F be a commutatie ring with 1, 
 F, let Q be an2
Ž .F-algebra, let K be a Lie subalgebra of Q such that K K K  0 and
xyz zyx
 K for all x, y, z
 K, and let R be a Lie ideal of K. Further, let
S be a submodule of an F-algebra T with unity and let D be the center of T.
Ž .Let S S SD be the factor module of S by the submodule SD,
let T TD be the factor algebra of the Lie algebra T by the Lie ideal D,
and let  : R T be a homomorphism of Lie F-algebras such that R  S .
Suppose that S is a 9-free subset of T and that D is a direct summand of the
² :D-module T. Then there exists a homomorphism of F-algebras  : R 
² :S DD such that
 x  x 
 Q for all x
R.
1THEOREM 3.2. Let F be a commutatie ring with 1, 
 F, let Q be an2
F-algebra with 1 and with center C , let K be a Lie subalgebra of Q such that
Ž .K K K  0 and xyz zyx
 K for all x, y, z
 K, and let R be a Lie
Ž .ideal of the Lie F-algebra K. Further, let RR RC and Q QC
be factor algebras of the Lie F-algebras R and Q, respectiely, and let  :
R Q be a Lie deriation of the Lie F-algebra R into Q. Let  : R Q be
  Ž .any set-theoretic map such that x  x for all x
R such always exists ,
and set BRR. Finally, assume that R is a 9-free subset of Q and C
is a direct summand of the C-module Q. Then there exists a deriation d:
² : ² :R  B CC of F-algebras and a set-theoretic map : RC such
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that
d   dx  x   x for all x
R hence x  x for all x
R .Ž . Ž .
Furthermore, if R R, then the following hold:
Ž . Ž . Ž .a  R, R Z R RC.
Ž . d Ž . Ž ² :d ² : .b x 	  x 
R for all x
R hence R  R CC .
Ž .   d Ž ² :d ² :.c If R R, R , then R R hence R  R .
 ˜ ˆ ˆProof. We define a map  : R Q QC by the rule x  x , x ,Ž .
     x
R. It is straightforward to verify that x, y  x , y for all x, y
R.
˘  ˆŽ . 4By Theorem 2.1, R x, x  x
R is a 9-free subset of Q. With
ˆ ˆ ˘ Theorem 3.1 in mind we set T Q, DC , and S F R. By 1, Theorem
 ˜2.8 we see that S is a 9-free F-submodule of T. Clearly R  S , where
˜ ˜S is the canonical image of S in Q. Since C is a direct summand of the
C-module Q, D is a direct summand of the D-module T. Therefore by
² :Theorem 3.1 there exists a homomorphism of F-algebras  : R 
  ˘ ˆ ˆ ˆ² :R CC such that x  x  x , x for all x
R. Let 
 : RC beŽ .
Ž .  Ž  .the set-theoretic map given by 
 x  x 	 x, x , x
R, and define
Ž . Ž Ž . Ž ..set-theoretic maps ,  : RC such that 
 x   x ,  x for all
 Ž Ž .  Ž ..x
R. Thus we may write x  x  x , x   x for all x
R.
We claim that  0. Indeed, from
        xyz zyx , u  x y z  z y x , u
we obtain in particular the functional identity
   xyz zyx , u   xyz zyx , uŽ .
 x  x y  y z  zŽ . Ž . Ž .Ž . Ž . Ž .
 z  z y  y x  x , u ,Ž . Ž . Ž .Ž . Ž . Ž .
x, y, z, u
R, in which the coefficient of the monomial yzu is equal to
Ž .   Ž x . Since R is 9-free, we conclude from 2, Theorem 1.1 that  0 see
 .also 5, Lemma 2.6 . Now by a straightforward induction on n we see that
x x , . . . , xŽ .1 2 n
n
 x x , . . . , x , x , . . . , x x   x x , . . . , x 11Ž . Ž .Ž .Ý1 2 n 1 i	1 i i i1 nž /
i1
² :for all x , x , . . . , x 
R. Clearly there exists an F-linear map d: R 1 2 n
² :  Ž d . ² :B CC such that x  x, x for all x
 R . It follows from the
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ˆdefinition of the multiplication in Q that d is a derivation of F-algebras.
Ž .By 11 ,
dx x , . . . , xŽ .1 2 n
n
 ² : x , . . . , x x   x x , . . . , x 
 B CCŽ .Ž .Ý 1 i	1 i i i1 n
i1
d  Ž .for all n 1, 2, . . . and x , x , . . . , x 
R. In particular x  x   x1 2 n
for x
R, which completes the proof of the first part of the theorem.
 Now suppose that R R. We may thus choose  such that R R,
 where x  x , x
R, and so BR. By the first part of the theorem
² : ² :there exist a derivation d: R  R CC and a map : RC
d  Ž . d Ž . Ž .such that x  x   x , x
R; whence x 	  x 
R and b is
 proved. Next, making use of x  x , we see that
      x , y  x , y 	 x , y 
RCZ R ,Ž .
and therefore
 d d d        x , y  x , y 	 x , y  x , y  x , y 	 x , yŽ .
       x , y  x , y 	 x , y 
Z R for all x , y
R.Ž .
  Ž . Ž .By 1, Remark 2.11 , RCZ R because R is 9-free and whence a
  d Ž .is proved. Finally, suppose that R, R R. Since x 	  x 
R for all
x
R, we conclude that RdRC and so
dd d d         R  R, R  R , R  R, R  RC , R  R, RC
  R, R R
² :d ² :forcing R  R . The proof is now complete.
Proof of Theorems 1.1 and 1.3. First we prove Theorem 1.1. Since every
Ž .element in K K is symmetric, K K K  0. Obviously xyz zyx
 K
for all x, y, z
 K. As A is prime, C is a field and so C is a direct
Ž .summand of the C-module Q. Further, since deg A  20, R is a 9-free
 subset of Q by 4, Theorem 1.1 . Therefore all the conditions of Theorem
3.2 are met and so Theorem 1.1 follows from Theorem 3.2.
Theorem 1.3 follows from both Theorem 3.2 and the remarks made after
the proof of Theorem 2.2
Ž .Proof of Corollary 1.2. Let  : RR RC C QC be the
composition of  with canonical projection RR. Clearly  is a Lie
derivation. Take   in Theorem 1.1. Since all the conditions of Theo-
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² : ² :rem 1.1 are met, there exist a derivation d: R  B CC of
d  Ž .F-algebras and a set-theoretic map : RC such that x  x   x
Ž .for all x
R. As both d and  are F-linear maps, so is ; whence a is
proved. Next, let x, y
R. Then
 d         x , y  x , y   x , y  x , y   x , y  x , yŽ . Ž .
d d   x , y  x , y  x , y  x , y
Ž . Ž .and so  x, y  0 for all x, y
R which proves b . Further, suppose
 d ² :d ² :  that R R. Then R RC forcing R  R CC. If R, R
Ž . Ž . Ž .R, then  R   R, R  0 by b . If  is of the first kind, then
Ž . dC K 0. In particular CR 0 forcing  0 because  x  x 	
x 
RC 0 for all x
R. In both cases we have RdR yielding
² :d ² : Ž .R  R which proves c .
Ž .Given a Lie F-algebra L , we denote by Der L the Lie algebra of allF
Ž .derivations of L and by Aut L the group of automorphisms of the LieF
algebra L . Following Jacobson we call a Lie F-algebra L complete if its
center is equal to 0 and all its derivations are inner. Further, L is said to
be subdirectly irreducible with heart H if the intersection of all nonzero
ideals of L is equal to H and H 0. Given a Lie algebra L with a
Ž . Ž .subalgebra R, we denote by Inn L the subalgebra of Der L consist-R F
ing of all inner derivations ad , x
R, induced by elements of R. We setx
Ž . Ž .Inn L  Inn L .L
Ž .LEMMA 3.3. Let L be a Lie algebra oer a field F with char F  2.
Then
Ž . Ž . Ž .  Ž . a If Z L  0 and 
Der L such that Inn L ,   0, thenF
 0.
Ž .   Ž . Ž .b If L L , L and Z L  0, then Der L is complete.F
Ž . Ž .c If L is simple, then Der L is a complete subdirectly irreducibleF
Ž .Lie algebra with heart Inn L .
Ž . Ž . Ž Ž .. Ž d If L is simple, then Aut L Aut Der L ia g g ,F F F
g  	1 Ž ..where d  g dg, d
Der L .F
  Ž .Proof. Suppose that ad ,   0 for all x
 L and some 
Der L .x F
 Ž . Ž .This says that ad  0; i.e., x 
Z L  0. Thus  0 and a isx
proved.
Ž . Ž Ž ..To prove b we note that Z Der L  0 follows immediately fromF
Ž . Ž . Ž .a . Next suppose that  is a derivation of Der L . Since Z L  0,F
Ž .  L Inn L via x ad , x
 L . Consequently, since L , L  L we seex
Ž .  Ž . Ž . Ž . Ž .that Inn L  Inn L , Inn L . As Inn L is a Lie ideal of Der L ,F
 Inn L  Inn L , Inn L  Inn L , Inn L  Inn LŽ . Ž . Ž . Ž . Ž . Ž .
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 Ž . Ž .and so  induces a derivation  on Inn L . Let D
Der L corre-F
 Ž . Ž . Dspond to  via the isomorphism L Inn L . Then ad  ad x x
  Ž .ad D Ž .	ad Dad , D  ad for all x
 L . Thus Inn L  0. Let  be anyx x
Ž . Ž . Ž .derivation of Der L such that Inn L  0 and let d
Der L . ForF F
x
 L we have
    d0 ad  ad , d  ad , d  ad , d  ad , d .Ž .x x x x x
Ž .  Ž Ž ..By a , d  0, and so  0. Thus 	 ad  0; i.e., 
 Inn Der LD F
Ž .and b is proved.
  Ž .Suppose that L is simple. Then L , L  L and Z L  0 and so
Ž . Ž . Ž .Der L is complete by b . From the simplicity of L we see that Inn L ,F
Ž .which is a Lie ideal of Der L , is itself a simple Lie algebra. Let I beF
Ž . Ž .  Ž . any nonzero Lie ideal of Der L . In view of a we see that Inn L , IF
Ž .  Ž .  Ž . 0, and since Inn L is simple, we have Inn L , I  Inn L . Thus
Ž . Ž .I Inn L and the proof of c is complete.
Ž . Ž .To prove d it is straightforward to verify that the map  : Aut L F
Ž Ž .. g  	1 Ž . Ž .Aut Der L given by d  g dg, g
Aut L , d
Der L , is aF F F
group homomorphism. If g  1, we see in particular that ad  g	1 ad gx x
for all x
 L . It follows that
g	1g g   y , x  y , x  y , x for all y
 L ;
g Ž . gi.e., x 	 x
Z L  0 whence x  x for all x
 L . Thus g 1 and so
Ž Ž .. Ž . is a monomorphism. Finally, let 
Aut Der L . Since Inn L is theF
Ž .unique minimal Lie ideal of Der L , it follows that  induces anF
 Ž .automorphism  of Inn L . In view of isomorphism x ad between Lx
Ž . and Inn L , we let g be the automorphism of L corresponding to  ;
Ž . 	1 Ž . g   	1gwhence ad  ad  g ad g ad , x
 L . Thus  g  isx x x x
Ž . Ž .the identity on Inn L . Let d
Der L . ThenF
      d dad , d  ad  ad  ad , d  ad , d  ad , dŽ . Ž .x x x x x x
 Ž .   Ž . for all x
 L . Thus Inn L , d 	 d  0; whence by a d  d. Thus
 1; i.e., g   and  is surjective. The proof of the lemma is now
complete.
Ž .LEMMA 3.4 5, Lemma 3.3 . Let D be an F-algebra and let U be a Lie
subalgebra of D such that xyz zyx
U for all x, y, z
U. Suppose that
1 ² :
 F. Then U UUU.2
Ž .THEOREM 3.5 5, Theorem 1.3 . Let A be a simple F-algebra with
inolution , with centroid C , and with skew elements K. Further, let
  Ž Ž .. Ž . Ž .R K, K , let RR RZ A , let Aut R and Aut R be theF F
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groups of automorphisms of the Lie algebras R and R, respectiely, and let
  H 
Aut A  x  x for all x
 A .Ž . Ž . Ž . 4F
Ž .Suppose that char F  2 and one of the following conditions are fulfilled:
Ž . Ž .a The inolution  is of the first kind and dim A  1, 4, 9, 16,C
25, 64.
Ž . Ž . Žb The inolution  is of the second kind and dim A  4 ifC
Ž . . Ž . Ž Ž . .char F  3 or dim A  9 if char F  3 .C
Ž . Ž .Then HAut F R Aut R .F
Ž .THEOREM 3.6. Let F be a field with char F  2, let A be a simple
Ž .  Ž .F-algebra with the inolution and with dim A  400, let R K A ,C
Ž . Ž .K A , and let RRZ R be the Lie factor algebra of R by the Lie ideal
Ž . Ž . Ž .Z R . Let Der R and Der R be the Lie algebras of deriations of LieF F
Ž .algebras R and R, respectiely. Further, let Der A be the Lie algebra ofF
Ž .deriations of the associatie algebra A, and let Inn A be the Lie subalge-R
Ž .bra of Der A of inner deriations determined by elements of R,F
d  dDer A  d
Der A  x  x for all x
 A andŽ . Ž . Ž . Ž . 4F F
   Aut A  
Aut A  x  x for all x
 A .Ž . Ž . Ž . Ž . 4F F
Then
Ž .  Ž . Ž . Ž  .a Der A Der R ia   .RF F
 d dŽ . Ž . Ž . Ž .b Der R Der R ia d d , where x  x , x
R .F F
Ž .  Ž .c Der A is complete and subdirectly irreducible with heartF
Ž .Inn A .R
Ž .  Ž .   Ž .d Inn A ,   0, 
Der A , implies  0.R F
Ž .  Ž . Ž  Ž .. Ž  g  	1e Aut A Aut Der A ia g g , d  g dg, d
F F F
 Ž ..Der A .F
  ² : Proof. We first note that R R, R and A R by 15, Theorems
  2.15 and 2.13 . Also it follows from 15, Theorem 2.12 that R is a simple
Ž . Ž .  Lie algebra. We set Q Q A and K K A . By 4, Theorem 1.1 , R ism r
a 9-free subset of Q.
 Ž . Ž  .d Ž d . dLet d
Der A . Then x  x for all x
 A and so K  K.F
  d Since R K, K , we conclude that R R; whence the map d d R
 Ž . Ž . dmaps the Lie algebra Der A into the Lie algebra Der R . If R  0,F F
² :  Ž .then from A R we see that d 0. Thus the map of Der A intoF
Ž . Ž .Der R is a monomorphism. Now let 
Der R . By Corollary 1.2F F
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Ž . Ž . d there exist d
Der A and : RCC A such that x  x F
Ž . Ž .   x for all x
R and  R, R  0. Since R R, R ,  0 and so
x d x  for all x
R. Consider the collection T of all Lie ideals U of K
such that RU and U d K. We have just seen that R itself belongs to
T. By Zorn’s lemma T has a maximal member V . Let W be the F-space
 4generated by the set x, xyz zyx  x, y, z
 V . One checks that W
 T,
and hence W V by the maximality of V . In particular V is a Lie ideal
² :of K closed under products xyz zyx and so by Lemma 3.4, V  V
² :V V . As R  A and R V , we conclude that A V V V and
Ž . d Ž .d Ž .so V K and V V S A . It follows that K  K and S A  S A .
Clearly
 d d  d d d d dx	 x  x x  2 x  x 	 x  x  x 4  4Ž . Ž . Ž . Ž .
and so
d d dx	 x  x 	 x ,Ž . Ž .
d d dx x  x  x for all x
 A.Ž . Ž .
Ž  .dSubtracting the first equation from the second one we obtain that x 
Ž d .  Ž . Ž .x for all x
 A and so d
Der A . Therefore a holds.F
Next, we show that  is a well-defined isomorphism. To this end let
Ž . Ž .
Der R . Given t
Z R and x
R, we have thatF
          0 t , x  t , x  t , x  t , x for all x
R
 Ž . Ž . Ž .and so t 
Z R . Therefore Z R Z R ; whence  induces a Lie
 Ž .derivation on R. If the induced derivation is equal to 0, then R Z R
and so
       R  R, R  R , R  R, R  0.
Therefore  is a well-defined monomorphism of Lie algebras. Let  

Ž .   Ž .Der R . Since R, R R, by Theorem 1.1 c there exists a derivationF
d  d² : ² :of F-algebra d: R  R such that R R and x  x for all
 Ž .  x
R. Setting D d we see that D
Der R and D   . Thus R F
Ž .is an isomorphism of Lie algebras and b is proved.
Ž .We apply Lemma 3.3 c to the simple Lie algebra LR to obtain that
Ž . Ž .Der R is complete and subdirectly irreducible with heart Inn R . SinceF
Ž . Ž . Ž . Ž .Der R is isomorphic to Der A courtesy of a and b , it follows thatF F
 Ž .Der A must also be complete and subdirectly irreducible. By followingF
Ž . Ž .the definitions of the isomorphisms given in a and b one sees that the
Ž . Ž . Ž . Ž .image of Inn R in Der A is precisely Inn A , and so c is proved.F R
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Ž .An application of Lemma 3.3 a to LR, together with the isomor-
Ž . Ž . Ž .phism between Der R and Der A , shows that d is true.F F
 Ž . Ž .By Theorem 3.5 the group Aut A is isomorphic to Aut R , andF F
Ž . Ž . Ž Ž ..by Lemma 3.3 d Aut R Aut Der R . Since the Lie algebraF F F
 Ž . Ž . Ž .Der R is isomorphic to Der A , it then follows that Aut A F F F
Ž Ž ..Aut Der A and the proof of the theorem is complete.F F
4. DERIVATIONS OF POLYNOMIALS
In what follows Q is a ring with unity 1 and with center C and F is a
Ž .subring of C containing 1. Given a set X , we denote by F X the free
² : ² :F-algebra with unity on X . Clearly F X C X . Given a subset T
² :C X , we set
 4Ann T  c
C  cT 0 .Ž .C
² :Let x
 X . Denote by D the derivation of the algebra F X such thatx
D x ² : D x Žy   for all y
 X . Given f
 F X , we set f  f . If f f x , x ,x y x 1 2
.. . . , x is a multilinear polynomial in x , x , . . . , x 
 X , thenn 1 2 n
f  f x , . . . , x , 1, x , . . . , x .Ž .x 1 i	1 i1 ni
² :Finally, a polynomial f
 F X is called special if all its nonzero coeffi-
cients are invertible in C. If C is a field, then any polynomial f is special.
² : ² : ² :Let d: F X  F X be a derivation of the F-algebra F X and let
Ž .f f x , x , . . . , x be a multilinear polynomial. Clearly1 2 n
n
d df  f x , . . . , x , x , x , . . . , x .Ž .Ý 1 i	1 i i1 n
i1
In particular,
n
   f , y  f x , . . . , x , x , y , x , . . . , x for all y
 X . 12Ž .Ž .Ý 1 i	1 i i1 n
i1
Let A be a ring, let  : A A be a map, and define the map  of
R A into the ring of 2 by 2 upper triangular matrices over A by
x x x  .ž /0 x
Note that
 y y  xy x  y xyx x x y    .ž / ž / ž /0 x 0 y 0 xy
HERSTEIN’S LIE MAP CONJECTURES 259
Therefore,  behaves itself like a derivation if we multiply x and y.
Using this observation we get
Remark 4.1. Let F be a commutative ring with 1, let Q be an
Ž . ² :F-algebra and let R be an F-submodule of Q. Let f x 
 F X be am
mŽ .multilinear polynomial in x , x , . . . , x with f r 
R for all r 
R ,1 2 m m m
and let  : RR be an F-linear map such that
m
  mf r  f r , . . . , r , r , r , . . . , r for all r 
R .Ž . Ž .Ým 1 i	1 i i1 m m
i1
˘  ˘ Ž . 4 Ž . Ž .Let R x, x  x
R and define  : RR by  x  x, x . Then
  mf r  f r for all r 
R .Ž . Ž .m m m
Ž .   Ž  .Taking B u,  in 2, Theorem 2.9 see also 5, Theorem 3.1 to be
  Ž .equal to u,  , in view of 12 we get the following result.
Ž . ² :THEOREM 4.2. Let f x 
 F X , m 2, be a nonzero special multilin-m
Ž .ear polynomial, let R be a submodule of an F-algebra Q such that f r 
Rm
mfor all r 
R , and let T be an F-algebra with unity and with center D.m
  Ž . ŽSuppose that  : R T is an F-module map such that f r  f r , r ,m 1 2
 .  Ž .. . . , r for all r , . . . , r 
R. If R is a 2m -free subset of T, then therem 1 m
exist 
D and an F-bilinear map  : RRD such that
     u ,    u ,    u ,  for all u ,  
R. 13Ž . Ž .
Ž . Ž 4.Furthermore, Im  Ann f  1 im .D x i
THEOREM 4.3. Let m be an integer with m 2, let R be a Lie F-subalge-
Ž . ² :bra of Q, let f x 
 F X be a nonzero special multilinear polynomial inm
mŽ .x , x , . . . , x with f r 
R for all r 
R , and let  : R Q be an1 2 m m m
F-linear mapping such that
m
  mf r  f r , . . . , r , r , r , . . . , r for all r 
R .Ž . Ž .Ým 1 i	1 i i1 m m
i1
Ž .Suppose that R is a 2m -free subset of Q. Then there exist 
C and an
F-bilinear map 
 : R 2C such that
         u ,   u ,   u ,    u ,   
 u ,  for all u ,  
R.Ž .
14Ž .
Ž 4.Moreoer, if Ann f  1 im  0, then 
 0.C x i
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˘  Ž .Proof. Let  : RR be the map given by x  x, x for all x
R.
˘It is clear that  is an isomorphism of F-modules R and R. By Theorem
˘ ˆŽ .2.1 R is a 2m -free subset of Q. Remark 4.1 yields
  mf r  f r for all r 
R .Ž . Ž .m m m
ˆ ˆThe conditions of Theorem 4.2 are now satisfied, with T Q and DC.
Ž . Ž  . Ž  . Ž .By Theorem 4.2 Eq. 13 holds. Since x  x, x 13 can be rewritten
as
     x , y , x , y   ,  x , x , y , y  
 x , y , 
 x , y ,Ž . Ž . Ž . Ž .Ž .Ž .Ž . 1 2 1 2
for all x, y
R, where  
C and 
 : RC. In particular, we havei i
   x , y   x , y  
 x , y for all x , y
R.Ž .1 1
 By 2, Theorem 1.1   1 and 
  0. Setting   and 
 
 we1 1 2 2
Ž . Ž 4. Ž .conclude that  satisfies 14 . If Ann f  1 im  0, then 0, 
 C x i
Ž .
 , 
  0 by Theorem 4.2. The proof is now complete.1 2
In the familiar situation of prime rings with or without involution we can
strengthen the conclusion of Theorem 4.3.
Ž .THEOREM 4.4. Let A be a prime ring with char A  2, with extended
centroid C and with maximal right ring of quotients Q, and let F be a subring
1 Ž .of C with 1 and such that A is an F-algebra i.e., FA A . Let R be an2
Ž .F-submodule of A, let  : R Q be an F-linear map, and let f x be am
Ž .nonzero multilinear polynomial of degree m such that f r 
R andm
m
  mf r  f r , . . . , r , r , r , . . . , r for all r 
R .Ž . Ž .Ým 1 i	1 i i1 m m
i1
Suppose that one of the following conditions is satisfied:
Ž . Ž .i A is an F-algebra with inolution with skew elements K, deg A 
 4max 4m 2, 20 , and R is a noncentral Lie ideal of K.
Ž . Ž .  4ii deg A max 2m, 9 and R is a noncentral Lie ideal of A.
² :Then there exist a deriation d: R  Q of F-algebras, an element 
C ,
d  Ž .and an F-linear map : RC such that x  x   x  x for all
x
R. Furthermore
Ž .  ² :d ² :a If R R, then R  R CC.
Ž . Ž .b If char A does not diide m	 1, then  0.
Ž . Ž .c If f  0 for some 1 im, then  0. If in addition char Ax i
does not diide m	 1, then d  .
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Ž .   Ž .Proof. In i R is 2m-free by 4, Theorem 1.1 and in ii R is 2m-free
 by 1, Theorem 2.20 . Therefore by Theorem 4.3 we have
     x , y  x , y  x , y   x , y  
 x , y for all x , y
R,Ž .
2 Ž .  where 
C and 
 : R C. In i R is 9-free by 4, Theorem 2.20 and
Ž .  in ii R is 9-free by 1, Theorem 2.20 . We define  : R Q by
x x   x for all x
R. One can easily check that the composition of
 with canonical projection Q Q QC is a Lie derivation of F-alge-
Ž Ž .. Ž Ž ..bras. By Theorem 1.1 applied in i and Theorem 1.3 applied in ii
² :there exist a derivation d: R  Q of F-algebras and an F-linear map
d  Ž .: RC such that x  x   x  x for all x
R. We now have
m
d df r  f r , . . . , r , r , r , . . . , rŽ . Ž .Ým 1 i	1 i i1 m
i1
m
 f r , . . . , r , r  r   r , r , . . . , rŽ .Ž .Ý 1 i	1 i i i i1 m
i1
m m
 f r , . . . , r , r , r , . . . , r   f r , . . . , r , . . . , rŽ .Ž .Ý Ý1 i	1 i i1 m 1 i m
i1 i1
m
  r f r , . . . , r , 1, r , . . . , rŽ . Ž .Ý i 1 i	1 i1 m
i1
m
 f r m f r   r f r , . . . , r , 1, r , . . . , rŽ . Ž .Ž . Ž . Ým m i 1 i	1 i1 m
i1
mfor all r 
R . On the other handm
d f r  f r   f r   f rŽ . Ž . Ž . Ž .Ž .m m m m
  Ž .and so 2, Theorem 1.1 implies that m	 1  0 and moreover  0
Ž .provided that f  0 for some 1 im. Therefore  0 if char Ax i
does not divide m	 1. The proof is now complete.
It is easy to construct examples showing that  may be nonzero in
Theorem 4.4. Indeed, let F be a field of characteristic p 0, let m be a
positive integer such that p divides m	 1, and let A be any centrally
Ž . Ž . Ž .closed prime F-algebra satisfying either conditions i or ii . Let f x bem
any multilinear Lie polynomial of degree m, and let 0 
 F be a fixed
element. Define a map  : R A by the rule x   x, x
R. It is
 mŽ . Ž . Žstraightforward to check that f r 
R and that f r Ý f r , . . . ,m m i1 1
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 m d .r , r , r , . . . , r for all r 
R . By Theorem 4.4 one has x  x i	1 i i1 m m
Ž . Ž . Ž . x  x    x  x for all x
R. In particular,
dd d   2   x , y  x , y  x , y  x , yŽ .
      x , y   x , yŽ . Ž .
Ž .  Ž . and so   x, y   x, y for all x, y
R. Since R is 9-free, 2,
Theorem 1.1 implies that 	.
By taking a special case of Theorem 4.4 we are able to solve another one
 of the problems posed by Herstein 13, p. 528, part of problem 1 .
1THEOREM 4.5. Let F be a commutatie ring with 1, 
 F, let A be a2
Ž .prime F-algebra with inolution , with skew elements K K A and with
extended centroid C , and let m 3 be an odd integer. Let  : K K be an
F-linear map such that
m  m	1  m	2 m	1 x  x x  xx x  x x for all x
 K.Ž .
Ž .  4Suppose that deg A max 4m 2, 20 . Then there exist a deriation d:
² : ² :K  K CC of F-algebras, an element 
C , and an F-linear map
 d Ž . Ž .: KC such that x  x   x  x for all x
 K A . Furthermore,
Ž . Ž .if char A does not diide m	 1, then  0; if char A does not diide m,
then  0.
Proof. The complete linearization of x m is
f x  x x  xŽ . Ým  Ž1.  Ž2.  Žm.

Sm
and so the given condition becomes
m
 f x  x  x x x  x .Ž . Ý Ým  Ž1.  Ž i1.  Ž i.  Ž i1.  Žm.

S i1m
² : ² :By Theorem 4.4 there exists a derivation d: K  K CC , an
element 
C , and an F-linear map : KC such that
x d x   x  x for all x
 K.Ž .
Ž . Ž .If char A does not divide m	 1, then  0 by Theorem 4.4 b . If
Ž . Ž .char A does not divide m, then f  0 and so  0 by Theorem 4.4 c .x1
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